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Q.1 Fill in the blanks. 8]
(1) Let a € C. Then the minimum value of {lz—al+]2+a|l:2€C}is

(a) 0 (b) |a| (c) 2a (d) None of these
(2) Arg(i) + Arg(—5) = ___

() 0 (b) m (c) 2m (d) {2nm:neZ}

(3) If v and V are harmonic conjugates of a harmonic function v on a domain D, then which
of the following is not true?

(@) v=V B) ve+Vy=vy +V, (c) v, =V, (d) Vae +Vyy =0
(4) The set of singularity of the function cot 2z is |
(@) {nm:nezZ} (b {2nm:neZ} (o) {&:neZ} (@) {Z:nez}

(5) jizl:l z_é_Zdz [p—

(a) 0 (b) 4mi (c) 2mi (@) L

Kig2

(6) Which of the following is a bounded function on C?

(a) cosz (b) e~ (c) e*° (d) none of these
(7) The Taylor series of 1717; about 2 is valid in N(2,R) if R=_____

(a) V5 (b) V7 (c) V11 (d) V13
(8) The point 0 is a pole of ta—z‘éﬁ of order __

(a) 1 (b) 2 (c) 3 (d) 4

Q.2 Attempt any Seven. - [14]
(a) If0 # a € C and € R, then show that &z + a3 + v = 0 represents a line.
(b) If lim,s4, f(z) = wg and wy # 0, then show that there is ¢ > 0 such that |f(z)] > 0
whenever 0 < |z — 29| < 4.
c) Let n € N\ {1}. Find the sum of all complex numbers satisfying 2" = 2.
) If z € C, then show that cosh? z — sinh? 7 = 1. '
) If £ is an entire function, then show that 9(z) = @)
) Let m and n be integers, and let C : z(0) =€, 0 <
1

) is an entire function.
# < 27. Evaluate fC 27"z,

(

(d
(e
(f
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(g) Let f be the function f(z) = e* and R the rectangular region [0, 1] x [0, n]. Find the points
in R where u(z,y) = Re f(z) reaches its maximum and minimum values.
(h) Find the Taylor series of L about .
(i) Find the inverse of a bilinear transformation w(z) = %—;”—i—%
Q.3 , ,
a) Let f = u+1v be defined in a neighbourhood of zg = zg + iyp. If the functions U, Uy, Vg, Uy
are continuous in a neighbourhood of (zg, yo) and if uz (20, %0) = vy(z0,0) and uy(To, yo) =
—vz (%0, o), then show that f is differentiable at 20.
(b) Define li)m f(2) = co. If P is a polynomial of degree n > 1, then show that li}m P(z) = oo.
z—r2p : . z500

OR

(b) Give an example of of a complex function which is differentiable at exactly one point.
Show that the map g o f is differentiable at zp whenever f is differentiable at zy and g is
differentiable at f(zp). '

Q4 : :

(c) Let U be an open subset C. Let f: U — C be analytic such that f/(z) = 0 for all z € C.
Can we conclude that f is a constant map? Why? If not, what condition on U implies that
[ is a constant map? Justify. :

(d) Let N(z, R) be the disc of convergence of the power series S(z2) = ) 2 ( an(z — 2)". If C
is a contour in N (2, R) and ¢ is a continuous function C, then show that Jo9(2)S(z)dz =
Dm0 Jo 9(2)(z — 20)"dz. State the results you use.

OR '

(d) Suppose that v is a harmonic conjugate of u on a domain D. Show that f = u + iv is
analytic on D. Find an analytic function f whose real part is (‘Zﬁ%

Q.5

e) If a function f is analytic and nonconstant in a domain D, then show that |f| has no
maximum value in D. State the results you use.

(f) Let C : 2(t), @ <t < b, and let f be piecewise continuous on C. Define Jo f(z)da. If
f(z) = mexp(nZ) and C is the boundary of the square with vertices at the points 0, 1, 1 +73
and 4, the orientation of C being in the counterclockwise direction, then evaluate [ f(z)dz.

OR

(f) If v : R? - R is a nonconstant harmonic function, then show that v is unbounded. State
carefully the results you use.

Q.6

(8) Let 2 be an isolated singularity of f. Show that zg is a pole of f of order m if and only if there
is a function ¢ which is analytic at 2, ©(2) # 0 and f (2) = (z—_%owqo(z) for all z in some
deleted neighborhood of 2. Also, show that if m = 1, then Resy=rpf = limy (2 — 20) f(2)

. m—1

and if m > 1, then Res,—,, f = ﬁj?,{_—l((z - zo)mf(z)}!zzzo. » :

(h) State Cauchy’s Residue Theorem. Hence evaluate fC C—‘z’tﬁdz and fc ;E(‘—l’l}fg)—dz, where C is
a positively oriented circle 2| = 3.

OR

(h) State Laurent’s Theorem. Find the Laurent series expansion of (z——lfliz“—ii about 7 in (all

the three) appropriate regions.
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